arXiv:1501.05692v4 [math.DS] 18 Feb 2016 


EXISTENCE OF C^-INVARIANT FOLIATIONS FOR LORENZ-TYPE 

MAPS 

DANIEL SMANIA AND JOSE VIDARTE 


Abstract. In this paper under similar conditions to that Shaskov and Shil’nikov [1994] we 
show that a Lorenz-type map T has a foliation which is invariant under T. This 

allows us to associate T to a one-dimensional transformation. 
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1. Introduction 

The geometric Lorenz model is an important example in dynamical systems, which 
was initially studied by Guckenheimer and Williams |Gnc76[ IGW79[ IWil79] and Afraimovich, 
Bykov and Shil’nikov |ABS77] . Their aim was to construct a simple mechanism which can 
give similar results to that Lorenz system 

g 

(i, y, z) = (10(t/ - x),28x - y - xz,--z + xy), 

introduced by Edward Lorenz |Lor63j . In this system, Edward Lorenz numerically found 
that most solutions tended to a certain attracting set, so-called Lorenz Attractor or “strange” 
attractor, and in so doing, he produced an important early example of “ chaos ”. Another 
fact that was noted by Lorenz: the Lorenz Attractor has sensitivity to initial conditions {the 
butterfly effect). No matter how close two solutions start, they will have a quite different 
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behaviour in the future. The geometric Lorenz model has been analysed topologically 
and proved to possess a “strange” attractor with sensitive dependence on initial conditions. 
From these facts, we know that the geometric Lorenz model is crucial in the study of 
dynamical systems. For more details, see Viana |Via 00]. 

Given a geometric Lorenz flow X on by dehnition there exists a Poincare 

map : D* ^ D , often so-called Lorenz-type map |ABS77j . In Shaskov and Shil’nikov |SS94j 
the authors showed that if a Lorenz-type map satishes certain conditions, then there 
exists a foliation which is invariant under T^. It allows us to associate to a one 
dimensional Lorenz like map : [a, b] \ {c} —?■ [a, b] . This association is so-called the reduc¬ 
tion transformation TZ, so we have TZT^ = . This result allows to be described in terms 

of a one-dimensional map. 


Since the most deep results in one-dimensional dynamics (as the phase-parameter relations 
in Jakobson’s Theorem |Jak81] and renormalization theory) relays on the study of sufficiently 
smooth families of transformations, to transfer this result to geometric Lorenz flow we need 
to study the smoothness of the reduction transformation TZ. There are already impressive 
results using this approach ( see Rychlik |Ryc90| , Rovella |Rov93j . Morales, Pacihco and 
Pujals |MPP00j . , Araujo and Varandas |AV12j ), however if we had a more deep knowledge 
of the regularity of TZ then far more signihcative results could be achieved. 


In this work we extend the main result of Shil’nikov and Shaskov |SS94[ Theorem] as well 
as |Ryc90 Corollary 4.2] of Rychlik, |Rov93[ Proposition, p. 241] of Rovella and [MPPOni 
Lema 2] of Morales, Pacihco and Pujals . That is, we show that if a Lorenz type map 
T satishes certain conditions (see Assumption 12.2p . then there exists a foliation which 
is invariant under T^. This theorem allows us to introduce new coordinates {{x,ri)} in D 
such that the map Tx has the form T^{x,ri) = {F^{x,ri),G^{r])) (see Afraimovich and Pesin 
|AP87[ P. 178]); where and are G^ functions, so can be associate to a G^ one¬ 
dimensional transformation G^ : [a, b] \{c} [a, b]. This association would allow us to study 

the dynamical properties of the original how using powerful techniques of G^ one-dimensional 
dynamics. Moreover, the result of this work can be useful in studying maps considered in 
Robinson |Rob84] . Rychlik |Ryc90| , Rovella |Rov93j . Morales, Pacihco and Pujals |MPP00j . 
Araujo and Varandas |AV12j . Araujo and Pacihco |AP10j and in some other cases. 


2. Statement of the Main Result 

Let := M"’ X M be a (n -|- 1)-Euclidean space . From now on, the symbol || . || denotes 
a norm in M"', if applied to a vector or for the corresponding matrix norm if applied to a 
matrix. We also use the notation 


Id = sup 

{x,y)eD* 


for norms of matrices and vector functions on D*. 
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Figure 1. Geometric Lorenz flow in 


Define 


D 

:= {(x, y) G : ||a;| 


;= {{x,y)eD 

: 1/ > 0}, 


:= {{x,y)eD 

: 1/ < 0}, 

Do 

:= {{x,y)eD 

■ y = o}, 

D* 

:= D„UD+ = 

D\Do. 


a^ll ^ 1, \y\ ^ 1}, 


( 1 ) 

Notice that the sets -D+ and are separate by the hyperplane Dq. 

Let ns consider the map T : D* ^ D given by 
(2) T{x,y) = {F{x,y),G{x,y)) = {x,y), 

where the vector fnnction F and the scalar fnnction G are differentiables on D* and dyG{x, y) 
is non-vanishing on D*. 


Definition 2.1. We define the following functions: 

A{x,y) := d:,F{x,y){dyG{x,y))~^, 
B{x,y) := dyF{x,y){dyG{x,y))-\ 
G{x,y) := d^G{x,y){dyG{x,y))~^. 


Here A{x^ ?/) is a n x n matrix, -B(x, y) is a n-colnmn vector and G{x^ y) is a n-row vector. 
Assnmption 2.2. We assume the following conditions hold on T: 













4 


DANIEL SMANIA AND JOSE VIDARTE 


(Li) The functions F and G have the forms 


( xl + \y\'^[Bf + (p+{x,y)], y > 0, 
\ + \y\^[B*_ + ip_(x, y)], y < 0, 


r(T'>,) = l y+ + \y\''[^+ + Mx,y)], y>0, 

^ \y*_ + mA*_ + f^.{x,y)], y<0, 

in a neighborhood of Dq, where A*_ are nonzero constants; a represents a strictly 

positive constant and the functions ip±, 'iIj± are of class The derivatives of (p± 

and 'ip± are uniformly hounded with respect to x and satisfy the estimates: 


d’‘^^Lp±{x, y) 
dx^dy"^ 


^K\y\ 


■y—m 


d'‘^'^'ijj±{x, y) 
dx^dy"^ 




where j > k — 1, K is a positive constant, / = 0,1,..., /c + 1 m = 0,1,..., fc + 1 and 
I + m ^ k + 1. 

(L 2 ) The following ineguality holds: 


1 “ II^IId > 2V||5||d||C'||d- 


(L 3 ) The following relations hold: 

(a) 

(2!)MPIlD + ||C||,,||i?||,,) max {(P||^ + ||i?||^r(||C||,, + in 

m+n=l 

(||9,G||d)-‘ (1 + ||/1||c + V(1-|DI|d)=-4||B||d||C||b)' 

(b) for k y 2 

{2k\r (Pll^ + ||C||^||i?||z)) max {(||A||z> + ||i?|l^rd|C||z> + If} 

m+n=/c 

(lia,G||B)-‘ (1 + iiaiib + v(i-PIIA^-4||biId||gi|o)' 

and 

\\ d , G \\ D >\ or ll^-FIlD^i. 


The following set will be useful for defining the domains of several maps: 

Dx := {x G M"' for which there exists a ?/ G M with {x,y) G D}. 

Given a map h : U C. M” — ?■ M, we defined its graph as 

graph(h) := {(x, h{x)) : x G f/}. 

Definition 2.3. A family of functions Fd = {h{x)} is called a foliation of D with leaves 
{m y 0 ) given by the graphs of functions y = h{x) if the following three conditions are 
satisfied: 

(a) The domain Dom{h{x)) of every function h{x) G Fd is an open and connected set in 
Dx and its graph lies entirely in D; 
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(b) for every point (xo,yo) E D there is a unique function h{x) E iFo such that xq E 
Dom{h{x)) and yo = h{xo), this function will be denoted by h{x;xo,yo); 

(c) for every point {xo,yo) E D the function x i-A h{x-,Xo,yo) is of class C™. 

The graphs of the functions h{x) are called the leaves of iFn and the leaf that contain 
{xo,yo) E D will be denoted by iF(xo,yo)- 

Definition 2.4. A foliation tFo is called -foliation (r ^ 0) if the function 

{x;xo,yo) H- h{x;xo,yo) 

is of class C^. 

Definition 2.5. A foliation J^d is called T-invariant if 

(a) the hyperplane Dq E J^d; 

(b) for each leaf J^(xo,vo) ^ ^d, with J^{xo,yo) 7^ Dq, there is iFT{xo,yo) ^ D such that 
D{J'(^xo,yo)) C DT{xo,yo)- 




Figure 2. Geometric interpretation of a T-invariant foliation. 

Remark 2.6. Suppose that V : D G —)■ R” is a function completely integrable, that 

is, there exists a solution for the initial value problem for the differential equation 

(3) V|/(x) = V{x, y{x)),y{xQ) = yo, 

for all (xo,2/o) G D, where y : U{xo) G D ^ [—1,1] and U{xq) is a neighborhood of Xq. Then, 
by using Frobenious-Dieudonne Theorem [Die691 Theorem 10.9.5] we have that 

TD'.= \^graph{y) : h satisfing (]5|)}. 

determines a foliation, that is, the leaves are the graphs of the solutions of the differential 
equation defined by the function z7 : D —> R”. 


We are ready to state our main result. 

Theorem 2.7 (Main Theorem). Suppose that the map T satisfies Assumption \2.S\ Then, 
there is a T-invariant -foliation with leaves. 
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As a byproduct of the preceding theorem we also have the following useful corollary, that 
say us that if the map T satishes Assumption 12.21 it can be introduced new coordinates 
{{x,ri)} in D such that the map T has the form of skew-product T{x,ri) = {F{x,ri),G{ri))-, 
where F and G are G^ functions, so T can be associate to a one-dimensional transformation 
G : [a, b] \ {c} —)■ [a, b] of class G^. 


Corollary 2.8. Suppose that the map T satisfies Assumption\2M Then, there exists a change 
of variable x ■ T> ^ D such that T can he associate with a skew-product T : D* ^ D of class 
G^ such that the diagram 

D* D 


X 


D* 


T 


X 

D 


is commutative, that is, x°T = T o x on D*. 


Proof. The details can be found in |AP87l P. 178]. 


3. Overview of the Proof of Main Theorem 12.71 

The principal aim of this section is to sketch the proof of our main theorem. 

3.1. The big picture. Bearing in mind the Remark 12.61 and following the ideas of Robinson 
|Rob81] . The foliation Fd of Theorem 12.71 will be obtained as the integral surfaces of a 
completely integrable function u : D G —)■ M”, which will be a hxed point of an 

appropriate graph transform P. Next, will be given a brief outline of the idea behind the 
graph transform P, which is also illustrated in Figured Our goal is to hnd a G^ integrable 
function i/* : D G M”, so that for every integral surface h its graphs is invariant 

under T{x,y) = {F{x,y),G{x,y)) := (x,y), which means that 

F{x,h{x)) = X, 

G{x,h{x)) = h{x), 

where h is an integral surface of v*. To hnd v* we take any completely integrable function 
77 : H —)■ M” and seek a completely integrable function v ■. D so that 

F{x,h{x)) = X, 

G{x,h{x)) = h{x), 

where h is an integral surface of u and h is an integral surface of V. 

If such a function exists, we dehne the graph transform of V via r(7') := v and note that 
the desired function u* is a hxed point of the graph transform so that r(i^*) = v*. It is not 
difficult to see that 

( PoT{x, y)dyG{x, y) - dyF{x, y) ^ 

r(y){x,y) = ld,cF{x,y)-uoT{x,y)d,,G{x,y)' ^ 

[O, i/ = 0. 
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r 



Notice that, in view of Definition 12.li we can rewrite the operator F in the following way: 

iVoTA- C) 


T{u){x,y) = { (1 -poTB) 

0 , 


y = 0. 


It is not difficult to show that the graph transform F is well dehned on a complete sub-space 
Al of the continuous function from D to M"", and that F has a hxed point u* (see Theorem 
I3.4p . Our goal in this work is to show that the hxed point u* is a (7^ function completely 
integrable. Then, by using the Idea 1 we have that the graphs of the integral surfaces give 
the foliation of Theorem 12.71 


3.2. The Operator F. Our goal in this section is to give a rigorous dehnition and state 
some properties of the operator F described informally in the last subsection. We begin by 
introducing the following dehnition. 

Definition 3.1. Let L ^ 0. We denote by Al the set of all the functions u : D ^ ML which 
satisfies the following conditions: 

(a) u is continuous on D; 

(b) ||i^|| ^ L; 

(c) ^{x, 0) = 0, if ||x|| ^ 1. 

Remark 3.2. Since M” is a complete normed space, it is not difficult to show that Al is a 
complete metric space with the norm of the supremum. 

Now we are ready to dehne the most important operator of our work. This operator is 
denoted by F and is dehned as in |SS94l Eq. (6)] by 
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Definition 3.3. 

/.X r ; Al —r(^x,) 

^ ’ Z7 I—^ v = T{V), 

where the function r(l7) : D —)■ is given by 

rivoTA^ 
r(l7)(a;,|/)= {1-VoTB)^ 

lo, 

with the functions A, B and C as in Definition \2.1[ 


y^o, 
y = o, 


Next, we list a few basic properties of the operator F. Details may be found in |SS94t 
Lemma 1] or |Vidl41 Proposition 3.17]. 

Proposition 3.4. There is a constant L ^ 0 such that 


(a) r(.Ai) C Al. 

(b) The operator T : Al —^ Al is a contraction. 

(c) The operator T : Al Al has a unique fixed point u* completely integrable function. 

(d) The operator T takes completely integrable function into completely integrable function. 
Moreover, if Bd and Bd are foliations defined by the completely integrable functions 
V and r(z7) respectively; then T takes every leaf iF;xo,yo) ^ J^d, J^(xo,yo) 7^ -Do, iMo a 
part of the leaf T"L^xo^yo) ^ that %s, ddi^B^xQ^yQ)) T. T'L'(xo,yo). 


Remark 3.5. It is known from |SS941 Eq. 8 1] and |Vidl41 Eq. 3.47] that L can be taken as 

(1 - IDII) y(P||-l)2-4||B||||C|| 


(5) 


L = 


2||S|| 


Let us begin stating the main proposition of this article. 

Proposition 3.6. Let L ^ 0 be as in Proposition \3.4\ Then, the attracting fixed point u* of 
the operator T is a function of class C^. 


The proof of this proposition will be given with the following propositions which will be 
proven in the next sections. 

Proposition 3.7. If y E Al is a function. Then, the following statements hold: 

(a) hm(a^fe)^(a.^o) D'(r(/x))(a, 6) = 0, for all 1 ^ i ^ k and (x, 0) G Dq. 

(b) The function r(/i) G Al is of class and DT(/i)(a:,0) = 0, for all 1 ^ i ^ k and 
{x, 0) G Dq. 

Proposition 3.8. If T E Al is a function and D'^V{x, 0) = 0, for all 0 ^ i ^ k and 
{x, 0) G Dq. Then, the following limit exists 

lim (r”(i7), D(r”(F)),.... B‘(r"(F))) = (f*. A,, ..., ao. 

n—^oo 

where Ai, A 2 ,..., A^ are continuous functions. 
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Proof of Proposition \3.fA Let v G Al be a function. By Proposition 13.61 we have that 
V ;= r(z/) is a function and that D^V{x, 0) = 0, From Proposition 13.81 we have that 

hm (P"(I7), D(P"(P)),..., D\T^{V))) = (I/^ Al, Zi 2 ,..., Afc). 

n^oo 

Hence, and by using interchanging the order of differentiation and limit, see |Die69[ Theorem 
8.6.3], we obtain hm P”(p)) = A,-, for 0 ^ ^ A;. Thus, since v* is a global attracting 

n—>-cx) 

hxed of P, it follows that D^{v*) = Aj, for 0 ^ j ^ k. Therefore, since Aj is a continuous 
function, it follows that the function r* is of class C^, which concludes the proof of our main 
proposition. 


Now we are ready to prove our main Theorem 12.71 


Proof of Theorem 2.1 . By Proposition I3.4f c) we have that the attracting hxed point v* 
of the operator P is integrable and by Prop 13.61 we get that v* is of class . Thus, the 
function v* dehnes a foliation Pd of class and by Proposition I3.4f d) it follows that the 
foliation Pd is T-invariant, which hnishes the proof the of our main result. ■ 


4. Proof of Proposition 13.71 

The proof is somewhat lengthy, so we divide it into two parts. In the first part: we will 
establish a formula for the kth order derivatives of the function P(i^) at the points {x,y), 
where the ^/-component stay away from zero . In the second part: we estimate the norms 
of the ith derivatives of the functions A(a:, ?/), i?(x, y) and C(x, ?/), at the points (x, y) around 
of a neighborhood of Dq. 

4.1. Part 1: Formula for Derivatives. Before that, we introduce some dehnitions which 
will be useful in order to hnd suitable formulas. From now on, L{Ei,..., Ek;G) denotes 
the space of continuous ^-multilinear maps of Ei,Er to G. If Ei = E, i ^ k, this space 
is denoted L^{E,E). Moreover, Lg{E] E) denotes the subspace of symmetric elements of 
L^{E,E). 

Definition 4.1 (Symmetrizing operator). The Symmetrizing operator Sym^ is defined by 

Sym^ : L^{E;E) —^ L^{E;E) 

A I—^ Sym’^{A) = 

o-GSk 

where (crA)(ei,..., e^) = A(eo-(i),..., e^(k)) and Sk is the group of permutations on k elements. 
Remark 4.2. The symmetrizing operator Sym^ satisfies the following properties: 

(a) Sym'^{L>^{E-E)) = L';{E;E), 

(b) {Sym^Y = Sym^, 

(c) II Sym^ 11^ 1. 
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Definition 4.3. Assume B G L{Fi x F 2 ]G), we define the bilinear map. 


. LfiE;Fi) X L^^-^\E;F2) 

(^ 1 , A 2 ) 


L'^{E-G) 

iEk-^))^A^^A2)] 


by 


(6) ^2)](ei,..., Cfc) — B{Ai{ei,... Cj), ^2(6*+!,..., 6 ^)). 

Definition 4.4. LetVi : U —)■ U{E]Fi) andV(^k_i) : U —)■ F 2 ), we define 


(7) 


; u ^ L\E-G) 


Definition 4.5. For every tuple (g, ri,r 2 ,... ,rg), where g > 1, and ri + ... + rg = k, we 
define the following continuous multilinear map 


( 8 ) 
where 

is defined as 


0(g,ri,...,r,) . ^ x . . . X (E; E) —^ L^(E; G) 

{Vg,Vr,, . . . ,UrJ I-^ • • • , 




{Vg,Vr,, . . . ,UrJ : X ■ ■ ■ X E -)■ G 
k-times 


(9) ..., WrJ(ei,..., efc) 

Definition 4.6. Lei U <Z E such that 17^ U ^ UfiE]F)^ 1 ^ i ^ q and f : V G U ^ U 
are functions. Then, define 

(10) 0(-?.n,...,r-,) ^ ^ ^ ^ ^ ^ j ^ ^ 

by 

U -7 O f{u)),Vrfiu), . . .,u^fiu)), 

where o /(«)), I7 ^j(m), ... ,Vr.fiu)) as in Definition \4.5{ 


Next, we define generalizations of the kth derivative of the composition of two functions. 

Definition 4.7. Let ki ^ k^ ^ k 2 ^ 1 be integers such that we have the functions Vg : V G 
E —)■ L‘^{F,G), for k 2 ^ q ^ ks and that f : U ^ V is a function of class C'^i-^a+i^ where 
D^f : U —)■ L^{E,F),0 ^ i ^ /ci — ^2 +1 are the derivatives of f. Then, we define the function 

... ,n,3), f)-.U^ L^fiE, F) 
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given by 

(11) 

/ fc3 , , \ 

:= Sym”' ^ ^ .» ((«„ » /) x fl"/ x ... x D'-f) (p), 

ri + ,,,+r'n=fci 1 « j 

where ^ o /) x 17^^ x . .. x z/^^) as m Definition \4.6\ and when /ci = ^3 = 0 anc? 

/c 2 = 1, we define the function 

given by 

(12) PC<»’‘’“>(5!„,/)(p) :=(?!„ o/)(p). 

Furthermore, if V : V G F ^ G and f\ UgE^VgF are then, will be used the 
following notation. 

Remark 4.8. IfV\D-^ and T : D* ^ D are functions C^, then: 

(i) on account of the chain rule applied to the function V oT it is possible to show that 

j)C^k,pk)^-^T) ■= D\voT). 

Therefore, we conclude that the function in Definitions \4.1\ is a generalization of the 
kth derivative of the composite of two functions. 

(ii) By Eg. (US]) and the symmetry of the function D^u , we obtain 

(14) VC^^'^’^'>{V,T) := k\{D^V) oT DT. .^. DT . 

k—times 


Next, we define generalizations of the kth derivative of product of the map (/ o g) with h. 

Definition 4.9. Assume B G L{Fi x F 2 ; G) and that ki ^ k^ ^ 1; ^2 ^ 0 are integers such 
that f-.UGE^VGF and B : U ^ F 2 are functions of class G^^ and respectively, 

where D^B : U —?■ L®(i?, F 2 ), for 0 ^ ^ fci — /c 2 ore the derivatives of the function B, 

moreover consider the functions Vi : V G F ^ L^{F,Fi), 0 ^ i ^ k^. Then, we define the 
map 

(1^0,^ 1 , • • • ,^^ 3 ), B)-.V^ L^fiE- G), 

given by 

(16) DCP<*-*>’‘»)(/, (F„,Fi,... ,Ft.), B)(p) - 
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where as in Definition \4-4 

then we will use the notation 


Moreover, if u : U <Z E ^ F is a function of class 


(16) /, B) := , {V, D{V ),..., D’^^{V)),B). 


Remark 4.10. Let Fi and F 2 be the space of the n-columns and n-rows respectively. Then, 
we define the multilinear map B : Fi x F 2 ^ M. given by B{A, B) = A x B, where Ax B is 
the usual product of matrices. Assume that V : D M”, T : D* ^ D and B : D* —)■ Fi are 
functions. Then, by using Leibniz and chain rule applied to the functions {{V o T).B) and 
(z7oT), respectively and in view of Eg. fl4.8p and Definition \4.9\ it is easy to show 

(17) VCV^'^'^'^\V,T,B) := D^{{v oT)B). 

This show that the function in Definition \4.9[ generalizes the kth derivative of the product of 
the map {u o T) with B. This fact will be useful later. 


Next, we define generalizations of the kth derivative of the map [1 — u o TB) where B 
is a fnnction as in Dehnition 12.11 and u G Al is a fnnction of class C^. 


Definition 4.11. Let {q,ri,... ,rq,r) be a tuple with q ^ 1, ri + ...+ r^ = k and r = 
max{ri,..., Tq} such that Vi : V C F ^ L\{F,Fi), 0 ^ z ^ r are functions and that 
T:UgE^VgF and B : U ^ F 2 are functions of class C^. Then, we define the map 

(ri,...,rq,r) 

J] {Vo,...,Vrq,T,B)-.U^L\E,G) 

given by 


{ri,...,rq,r) 

(18) Yl i'^0, ■■■,i^Tq,T, B) : = 

{Vo,..,Vrq),B) X .. X PCp(^-°’’'«)((l7o,..,I7,J,T,i?), 

where (Vq, ..,Vr^),B)), 1 ^ i ^ q as in Definition \4.9[ 


Definition 4.12. Under the notations of Definition 4-11 
integers . Then, we define the map 


Suppose that ki ^ ks ^ k 2 1 are 




given by 


(19) ..., z7(,^_fc,)+i),T,i?) 






q=k2 ri+...+rq=ki 


k\{-l)'^q\ 
ri!... r„! 


{ri,...,rq,r) 


(l-z/ooTR)-(^+i) J] (l7o,...,I7,^,T,R) , 


(ri,...,rq,r) 

where {Vp,... ,Vr„,T, B) as in Definition \4. 11 

Cki-k2+l 

map will be used the following notation 


Furthermore, if v : U G F ^ Fi is a 


(20) T, B) := D{V),..., D^^-’^^+\v)),T, B). 
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Remark 4.13. Let v G Al-iB,T be maps as in Definition \3.1[ Definition IS. 1\ and Definition 
m respectively such that v and B are . Define X : M — {0} M. by D{x) = 1/x. Since, the 
function (l—VoTB) : D* M. is nonzero, it follows from chain rule applied toXo{l—VoTB) 
and Definition \4-13\ that 


D^{l-VoTB)-^ 


( 21 ) 


Sym‘‘ o ^ Yi 

9=1 ri+...+rq=k 


k\q\ D'^^iy oTB)... D'^'i^u oTB) 

\...rq\ (1 -I7oTR)(5+i) 


T,R). 


This show that the function in Definition 4.12 generalizes the kth derivative of the map 
{1 — v o B)~^. This fact will be useful later. 


Now, using the last definitions we find one formula for the kth derivative of the function 
r(z/) at the points {x,y), with y fiO (see Lema l4rT8|l . This generalizes the formulas given in 
|SS941 Eq. (11)] and |MPPnni Eq. (42)], it is quite important to prove our main Proposition 
13.61 We start by noticing the following simple but very useful lemma. 

Lemma 4.14. Under Definitions \2. il 1,9. il and 13.31 Assume that V G Al is a function. 
Then, for y 0 the following formulas hold: 

(22) D{V{v)){x,y) = {V oTA-C)D{1-V oTB)-\x,y) 

+D{y oTA - C){1 - V oTB)-^{x,y) 

:= {Ul{V, T, A, B, C) + U^V, T, A, B, C)) {x, y); 

for k ^ 2 

(23) D>^im){x,y) = 

+ 

+ 

+ 

Proof. This is a direct consequence of Leibnitz’s rule. 


Sym'^ oVoTA-CD^{l-VoTB)-^{x,y) 
Sym^ oD^{VoTA-C)(A-VoTB)-\x,y) 


Sym’^oJ2( jDfiV o TA - C)D’^-fil -V o TB)-\x,y). 


9=1 




Sym'^ o T, A, B, C) + U^{V, T, A, B, C)) {x, y) 

Sym’^o{U^{V,T,A,B,C)) {x,y). 


Lemma 4.15. Under DeRnitions \2. 1\ and \S.l[ Assume that V G Al is a function and that 
Uf{V,T,A,B,C) : D* —> L^(M"'+^, M"') is as in Lemma U-Hl Then the following formulas 
hold: 


(24) Ul{V,T,A,B,C) = {VoTA-C){l-VoTB)-^{VoTDB + DVoT.DT.B), 
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for k ^ 2 

U^{-U,T,A,B,C) = {VoTA-C)k\{l-VoTB)-^Sym^ 

+ iVoTA- C)k\{l -Vo TB)-^Sym^ o 

+ (V o TA - C)k!(l - V o TB)-^Sym^ o (^VCP^^’°’(^-^^\v,T, B)^ 

(25) + (VoTA-C)VZCp(^’^’^^(V,T,B), 

where and VXCP^^^'^^'^^\v,T, B)) as in Definitions 

\f. A \4-^ and \f.l^ respectively. 

Proof. We do the proof for the formula fl25ll . The proof of the formula fl24D is straightforward. 
From assumption and Remark 14.131 it follows that 

U^{V,T,A,B,C) = {VoTA-C)D\l-VoTB)-\ 

(26) := {VoTA-C)l'[. 

We observe that, for fc ^ 2, by the chain rule, 

= k\{l-VoTB)-‘^Sym^ o [D^iVoTB)) 

k\ 


Sym^ o ^ ^ 


ri! ...Vq 


-il-Vo TB)-^^+^^D’^fiV o TB) ...D^fiVo TB). 


k\ 


rp.... rq\ 


-{l-VoTB)-^’i+^hl. 


q=2 ri+...+rq=k 

k 

(27) := k\{l-VoTB)-^Sym^ o {I^) + Sym^ oY^ Y 

q=2 ri+...+rq=k 

Now applying Leibniz’s rule to the function {y o T)B , it follows that 

( 28 ) y = Sym'=o{D‘‘(Vc.T)B)+Sym'‘o(^^(^^^D''(17oT).D'=-‘’(B)j. 

:= .Sym” o {^B) + Sym^ o W Q j . 

Moreover, by using the chain rule to the functions If ^ and If 2 respectively, we get 


III = Sym'^ o I kljP'^V) o T DT . ■ . DT 

k—times 


k-1 


( 29 ) 

and 

( 30 ) 


+ Si/m* 0 ( 5 ^ 

q=l ri+...+rq=k 


II 2 = SynP o ( ^ Y 


k\ 


rp. . . . Tg! 


-XD^V)oT.D^^T ...D'^^T , 


.^n.= l ri + ...+rn=q 


rp ...ry. 


AD'^o) O T.D^^T ... .D’^-\B). 
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Therefore, by replacing flSU]) and (12^ into (1251) . and using that Sym^ o Sym^ = Sym^, we get 


= Sym'^ I k\{D^V)oT pT ..^.DT B 

k—times 


k-l 


Sym’^ o ^ ^ 


k\ 


q=l r-i+...+rq=k 


ri! . . . r„! 


-{D‘iV)oF.D''^T ...D^^TB 


o k q\{D^v)oT.D'^^T ...D^-T 

(j=0 \n=l ri + ...+rn=q ” / 


(31) 


Hence, on account of Dehnitions 14.71 and 14.91 we have 

(32) := %m^(PC(^’^’^)(l7,T)H) 

By similar computation as above, in view of Dehnitions 14.71 and 14.91 we reach that 

(33) ll := DCP(’'1’°’''1)(I7,T,5)...DCP(’'^’°’^«)(I7,T,H). 

Hence, by using Dehnition 14.91 Eq. fl5^ becomes 

(34) /‘= J] {V,T,B). 

Whence, on account of Dehnition 14.121 we get 

k 


k\ 


ri! . . . r„! 


-(1 - 17 o := T, B). 


(35) Sym’^ ° 1 E E 

\q=2 ri+...+rq=k 

Thus, by replacing fl35D and fl32|) into fl27)) . we get 

(^fc!(l-I7oTH)-2(DC(^’^’^)((77,T)H))) 

+ Sym^o (k\{l-VoTB)-\VC^’^^^’^^-^'^\v,T,B))^ 

+ Sym^o (^A;!(l -I7oTH)-2(DCp(^’0’(^-i))(z7,T,H))) 

(36) + VICV^’^’^’^\v,T,B). 

Therefore, by replacing fl36|l into fl26|l . and on account of Sym^ o Sym^ = Sym’^, it follows 
formula (12^ . ■ 

Lemma 4.16. Under DeRnitions \2. 1\ and, \S.l[ Assume that V G Al is a function and that 
U^iV.T, A^B,C) : D* —> L^(M"'+^,M”') is as in Lemma 14.141 Then, the following formulas 
hold: 

(37) U^{V,T,A,B,C) = {{Dv)oTDTA + VoTDA- D{C)){l-VoTBy\ 
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for k ^ 2 


(38) 


U^{17,T,A,B,C) 


Sym’^ T)Aj {1-uo TB)-^ 

Sym^ (VC^^^^'^-^\V,T)A^ {l-VoTB)-^^ 

Sym’^ T, A)^ (1 - 17 o TB)-^ 

Sym^ {D^{C)) .{l-VoTB)-^, 


where B), B)) as m DefimUons\JJ\ 

4.9\ and \4-l^ respectively. 


Proof. The proof is quite similar to the development from Eq. fl27j) . 


Lemma 4.17. Under Deftnitions IS. II and 1,9. il Assume that V G Al is a function and 
that U^{V,T, A, B,C) : D* —)■ L^(R"'+\M"') as in Lemma \4.14\ Then the following equality 
holds: 


(39) U^(V,T,A,B,C) = 




where B)) as in Definitions \4.t^ \4-d\ and 

4-lA respectively. 


Proof. The proof is similar to that of Lemma [4.151 For more details, see all the developments 
of the formulas (Eq. (127)) i and /| (Eq. (125)) L ■ 


As a direct consequence of Lemmas 14.14114.15114.161 and 14.171 we obtain a formula for the 
kth derivative of the function r(l7) at the point (x, y), for y ^ 0. 

Lemma 4.18. Under Definitions \2.1[ 1,9. il and 13.31 Assume that V G Al is a function a 
that 1 / 7 ^ 0, then the following formulas hold: 

(40) D{T{v)){x,y) = {{V oTA - C){1-V oTB)-'^ {V oTDB + DV oT.DT.B) 

+ (77 o TDTA + Vo PDA - DC) (1 - 77 o TB)~^) (x, y). 




























EXISTENCE OF C'=-INVARIANT FOLIATIONS FOR LORENZ-TYPE MAPS 


17 


for k ^ 2 

D’^{T{v)){x,y) = (^{VoTA-C){l-VoTB)-^Sym’^ o 


+ {VoTA-C){l-VoTB)-^Sym’^o ,T)^ 

+ {VoTA-C){l-VoTB)-‘^Sym^ o B)^ 

+ {VoTA- (z7, T, B) 

+ (1 - z7 o TB)-^Sym'^ o T)A^ 

+ (1 - z7 o TB)-^Sym’^ T)A + , T, A)^ 


(1 - z7 o TB)-^Sym^ o (D^(C')) + [/3^(I7, T, A, 5, C). 


(41) 


w/iere X>C(^i’^2’^")(z7,T), B), VXCV^^^’^^'^^\v,T,B)), 0 (9,fc-9) as m Defini- 


tions \f. ?[ l^.i^ and |^.6| , respectively and U^{i',T,A,B,C) as in Lemma 14.171 

4.2. Part 2: The norm of the zt/i derivative. In this sub-section will be estimated 
the norms of the ith derivative of the functions A{x,y), B{x,y) and C{x,y) around of a 
neighborhood of Dq. We start by noticing the following simple but useful lemma. 

Lemma 4.19. Let 



and 


min I {aAl + fj+{x,y)+ydyfj+{x,y)) ^ ^ 

(43) p{x,y) = < 



Then, d and p are defined in a neighborhood U of Dq and there exists a constant (7^0 such 
that the following estimative holds: 


(44) 


D'{d(x,y) ')\\ i,Cp(x,y)\y\'' for all (x,y)eU. 


Moreover, the limit 


(45) 



exists, for all (a, 0) G Dq. 
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Proof. Since ^ 0, then the estimate is a directly consequence of Example 14.131 and 
norm properties. From Assumption l2.2f Llh it follows that the limit lim( 3 ; o±) I/) 

exists. This hnishes the proof of lemma. ■ 


As a consequence of Lemma [4.191 and Leibnitz rule we get: 


Corollary 4.20. Let 0 ^ i ^ k be a integer. Assume A, B and C as in Definition \2.1\ and p 
as in Lemma \4-19\ Then, there is a constant C ^ 0 such that the following inegualities hold: 


(46) 

II D^A{x,y) \\^Cp{x,y)\y\^-^+^ 

(47) 

II D^C{x,y) \\^Cp{x,y)\y\'^-^+^ 

(48) 

\\D^Bix,y)\\^Cp{x,y)\y\'^-\ 


in a neighborhood of Dq. 

Corollary 4.21. Assume T{x,y) = {F{x,y),G{x,y)) is a map that satisfies Assumption 
\2.§^ LA. Then, the following relation holds: 

(49) \\D’^T{a,b)\\ ^const\\b\\^-'^, 

in a neighborhood of Do, where const denotes a positive constant. 


Proof. The proof is a direct consequence of Assumption l2.2f Eq. (12.2^ 1 and Leibnitz rule. ■ 

Lemma 4.22. Let A, B and C be as in Definition \2.1\ Assume that V G Al is a functions 
and that Uf{u, T, A, B, C), Lf^iV, T, A, B, C) and T, A, B, C) as in Lemmas \4-l^ \4A(^ 


and\4.1A respectively . 

Then 

(50) 

lim UHv,T,A,B,C){a,b) = t), 

(a,b)—>-(a;,0) 

(51) 

hm U^,{V,T,A,B,C){a,h) = t), 

(a,b)^{xP) 

(52) 

hm Ul{V,T,A,B,C){a,h) = t), 

{a,b)^{xfl) 


for every {x, 0) G Dq. 


Proof. The result is easy to prove for k = 1. We prove the result for the case k ^ 2. 
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By Lemma [4.15lf fc ^ 2), Definition 13.11 and Remark I4.2n iii we have 

||t/f(F,r,yl,B,C)|| < (r II -4(a. 6 ) IK jC(a. b)\\) r) (a, fc)!! || B|| 

(£||yl(a. 6) IK jC(a. 6) ||) (- ^ || 

(F, r, B) (a, 6) II 

+ (B||/l(a, t) II + ||C(o, t) II) IIOTCFI^'^'^Hf T, B) (o, 6 ) ||. 


(53) 

To estimate the first expression of ([53]). From ffTT|l and norm properties we have 

(54) ||DC(^’'=’^)(F,T)(a, 6 )|| ^ ||fc!(DV) o T|| ||DT(a, 6 )f. 

Since z/ is of class C^, and by using Corollary 14.211 we get 

(55) ||DC(^’^’^)(F,T)(a, 6 )|| ^ const\bp-\ 

Whence, in view of Corollary 14.201 we get 

By similar arguments one can estimates remaining expressions of fl53|) to obtain 

(57) IIfc!PC(»'3.(>-i))(F. r)(a, b) II < |6|»-'=+’+'(l - LIISIDWsi. 

(1 - L||R||)^ 


|7—fc-l-l 


('K.o'i (-^ll"4(a,&)|| + l|C'(a,^)ll) ||.p^p(fc,o.(fc-i))7p ^ pw„ / l^r 

-(1-L||B|U)2-(''•’^•■®)(“’'’)II^(1-L||B||P' 


(59) (L||kl(a, 6 )|| + \\C{a,b)\\)\\VICV^^'^’^\-U,T,B){a,b)\\ ^ const 161““^+^+^ 


Therefore, combining the four estimates (|59|), fl58l) . fl57|l and fl56|l with fl53|l we obtain 
(60) ||t/i^(F,T,R,R,C)|| ^ const| 6 |“-^+^+h 

Hence, since 7 > fc — 1 and a > 0 (see Assumption l 2 . 2 f Li )) we reach that 

hm ||Di^(F,T,A,R,C)(a,6)||=0. 

(a,6)->'(a:,0) 

Repeating the same procedure followed to deduce estimate (I5UD , we get estimates (1^ and 
(152]) . Thus, we conclude the proof of corollary. ■ 


Proof of Proposition |^.7| This is a direct consequence of Lemma 14.221 
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5. Proof of Proposition 13.81 

The proof of Proposition 13.81 was influenced by the ideas contained in the articles |Rob81t 
p. 313] and |SS94[ Eq. (3)]. The proof is quite long and technical, so we divide it into two 
steps. Before that, we give the following dehnition. 

Definition 5.1. We define the set Di of all the continuous functions Ui : D ^ 
such that Vi{x, 0) = 0, for all {x, 0) G Dq that is, 

'■= {vi'■ D ^ L* M") : z/j(x, 0) = 0, for all (x, 0) G Dq; Vi is continuous}, 

for every 1 ^ i ^ k, and Vq := Al- 

The proof of Proposition 13.81 is somewhat lengthy, so we divide it into two parts. In the 
first part: we show the existence of functions T* : Vq x Vi x ... x Vi —)■ Di, so that 
Il®(r(l7o)) = D{Vq), ..., D^{Vq)), for all 0 ^ i ^ k. In the second part: we show that 

the function Ni : Vq x Vi x ... x Vi ^ Vq x Vi x ... x Vi given by Ni(VQ,Vi,... ,Vi) = 
(r(l7o), • • •, • • • Wi)) have a global attracting fixed point {Aq,Ai, ... ,Ai), 

for all 0 ^ i ^ fc. 


5.1. Part 1: Defining the functions T*. We start by dehning a generalization of the 
function Uf (see Corollary I4.15p . 


Definition 5.2. Let 1 ^i ^k he a integer. Let Dq and Vi be sets as in DeRnition \5.1\ We 
define the function U} : Vq x Vi x ... x Vi ^ Di given by 

(61) Ul{Vo,Vi) = {Vq oTA-C){1-Voo TB)-'^ {Vq o TDB + Pi o T.DT.B) , 
for i ^ 2 

{Vq oTA — C)i\ 


U\{nQ,...,ni) = 


{l-VQoTBf 
{Vq oTA — C)i\ 
{1-VqoTB)^ 
{Vq oTA — C)i\ 


Sym^ oVC^^^^'^{Vi,T)B 

Sym^ oVC^^^^’^^-^^\v,,...,V(^,_,-^,T) 

Sym^ o DCpCo.h-i)) ^ ^t,B) 


{1-VQoTBy 

(62) + {Vq o TA - C)VICV^^’^’^\Vq, ..., Pp_i), T, B), 

where B) and VlCV^^^’’'^'^^\v,T, B) as in Definitions 


f.l, 4-9 and 4-12, respectively. 


Next, we dehne a generalization of the function (see Corollary I4.16p . 

Definition 5.3. Let 1 ^ i ^ k be a integer. Let Dq, Vi be sets as in Definition 15.ii ITe 
define the function Ul : Vq x Vi x ... x Vi ^ Di given by 

(63) U}{uQ,iyi,T) = {vioTDTA + vqoTDA- DC){1-VqoTB)-\ 
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for i ^ 2 

= {l-VooTB)-^Sym^o(vC^^’^’^\-Ui,T)A^ 

+ {l-VooTB)-^Sym^o 

(64) + {1 -VooTB)-^Sym^ o (vCV^^’°'^-^\Vo,V^,... ,V(,_,),T,A)^ 


where and B), as in Definitions \f . 7| and \f . 9\ respectively. 


Next, we define a generalization of the function (see Corollary I4.17p . 

Definition 5.4. Let 2 ^ i ^ k be a integer. Let Dq, Di be sets as in Definition \5.1[ We 
define the function Ul : Dq x Di x ... x Di ^ Di given by 


(65) (17*)(l7o,..,I70 = 

SymW^ I7„ T, A)-D^C, DXCV^^-^'^'^-^\Vq, T, 5)), 


where PCp(^i’^=’^^)(l7,T,5), B)), (^(m) as in Definitions \4.(^ \4Df^ and 

Ji..6\ respectively. 


Next, we define a generalization of the function D^r{i>) (see Lemma [4. 181) . 

Definition 5.5. Let 1 ^ i ^ k be a integer. Let Dq, Di be sets as in Definition 15. il and 
assume the functions Lffi Lf^ and Lfl as in Definitions \5.A 15.31 and 
the function : Dq x Di x ... x Di ^ Di given by 

( 66 ) 4^^(z7o,ri, 772 ) = {Lfl + C 2 )(z7o, I7i), 

and for i ^ 2 

(67) 4>‘(I7o,z7i, ...,Vi) = {Ul + W, + U^)(yQ,W ,... ,17,). 

Remark 5.6. The functions 4^* for the cases i = 1 and i = 2 were established in |SS94[ Eq. 
(13)] and |MPP00[ Eq. (42)] respectively. 

Proposition 5.7. Let 1 ^ ^ h 6e a integer. Then, the function 4/® given in Definition \5.5\ 

is well-defined. Moreover, ifuQ G Al is of class C®, then 

(68) 4^*(Po, DVq, ..., DWq) = DW{Vq). 


5 . 4 , respectively. We define 


Proof. To prove that the function 4/® is well-defined, it suffices to show that 
(69) 4/®(I7 o, ... ,Vi) G Di, for all Vj G Dj, 0 ^ j ^ 1. 

That is, by Definition 15.11 we must to show that 

(a) 4/®(77 o, ... ,Vi) is continuous on D and 

(b) 4/®(I7o, ... ,I7j)(x,0) = 0, for every x G M", ||x|] ^ 1, 
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for all Vj G Vj, 0 ^ ^ 1. Indeed, by Definition 15.51 we have that , z7j) is continuous 

on D*, so it remains to show the continuity of • • •, at the points (x, 0) G Dq. Analysis 

similar to that in the proof of Proposition 13.71 shows that 


(70) lim ip\vo,...,Vi){a,h) = Q, 

(a,6)—>(x,0) 

for all (x, 0) G Dq. Therefore, if we define 


W\x,y) 


T*(i/o,...,z/i)(x,2/), 1/^0, 

0 , 2 / = 0 , 


then, we get a continuous extension of \h*(l7o, • • •, Pi) on D, which completes the proof of 
fIS.ip . so T*(z7o, ... ,Pi) G Vi. Therefore T* is well-defined. The equality in Eq. follows 
from Definition 15.51 and Lemma 14.181 This concludes the proof. ■ 


5.2. Part 2: The function Ni. In this sub-section will be shown the following proposition. 

Proposition 5.8. Let 1 ^ i ^ k he a integer. Let ,1 ^ j ^ i be functions as in Definition 
15.51 Then the function 

(71) Ni : Vq X Vi X ... X Vi ^ Vq X Vi X ... X Vi 
given by 

(72) iVi(z7o,Pi,... ,Pi) = (r(Po), ^'^(Po,Pi), • • •, ^^*(Po,Pi, • • • ,Pi)), 
have a global attracting fixed point (Aq, Ai ,..., Aj). 

5.2.1. Preliminares. Before proving Proposition 15.81 we state without proof two theorem 
which will be useful in the sequel. 

Theorem 5.9 (Fiber Contraction Theorem |HP69] ). Let (X, dx) and (T, dr) be two complete 
metric spaces, and let T : X x Y ^ X x Y be a map of the form 

= (r(x),T(x,|/)). 

Assume that 

(а) P has an attracting fixed point x^o, that is, 

r(xoo) = Xoo, lim r”(x) = Xoo, for all x G X; 

n—^oo 

(б) the family of functions : X —)■ F given by \h^(x) = T(x, y) depends on y continu¬ 

ously; that is, if Xn ^ X as n ^ oo, then T^(x„) —)■ \h^(x) as n ^ oo. 

(c) for every x G X the map Ta, := T(x,.) : F —)■ F defined by ■= '^{x,y) is a 

X- contraction, with A < 1. This mean that 

dY{^x{yi),'^x{y2)) ^ Ady(|/i, 2 / 2 ), 


for all X & X and yi, y2 G F. 
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Then, ifHoo denotes the unique fixed point ofthe point (xoo,|/oo) E X xY is an attracting 
fixed point of T, that is, 

lim T”(x,|/) = {xoo,yoo)- 

n^oo 

Theorem 5.10 (Perron-Frobenius Theorem for positive matrices |MeyOO| ). Let A = [aifinxn 
he a real nx n positive matrix: Oij > 0, for 1 ^ i, j ^ n. Then: 

(a) A has a positive simple eigenvalue r which is equal to the spectral radius of A. 

(b) There exists an eigenvector x with all the coordinates positives such that Ax = rx. 

(c) The eigenvector is the unique vector defined by 

Ap = rp, p > 0, and || p ||i= 1, where || p ||i= ^11=1 \'Pi\i 
and, except for positive multiples of p, there are no other nonnegative eigenvector for 
A, regardless of the eigenvalue. 

{d) An estimate of r is given by inequalities: 

min Oij ^ r ^ max a^-. 
j j 


We will now given some elementary properties of multilinear maps. Let us start by fix¬ 
ing the notion. The set {l,...,n} will be denoted by [n]. If E := R"" and F := R, then 
E{\k],{E,F}) denoted the set of all the functions / : [A;] —?■ {E,F}. Notice that the cardi¬ 
nality of X{\k], {E, F}) is 2^. Finally tt^ : —)■ R"+^ and : R"+^ —)■ R"'+^ denoted the 

projections of on E along F and of on F along E respectively. 


Definition 5.11. Assume that f G X{[k], {E, F}) and that '\> = E or ’it? = F. Then, define 
9f,^ : [n -h 1] {F, F} by 

/CO, if i e [n], 

if i = n + 1. 

By r2([n -|- 1], we denote the set of all functions g^,. 


9 Pj 


By A l±) F we denote the usual disjoint intersection between sets. 

Lemma 5.12. The following statement holds: 

(a) fi([n + 1], {F}) h) + 1], {F}) = E{[n + 1], {F, F}). 

Proof. The proof follows immediately from Definition 15.111 ■ 

Recall that L^(R"+^, R"") denoted the space of all the fc-linear maps from R^-^^ to R”. 

Definition 5.13. Assume that f G ?P{[k], {E, F}). Then, the set of all k-linear maps b such 
that 

(a) &(7rg(i)(xi),7rg(2)(x2 ),.. .7rg(fc)(xfc)) = 0, for every g G F([A;], {F, F}), g f and for 
each k-tuple (xi... ,Xk) G ^ ^ R”''*~C • 

k—times 
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will be denoted by 

Lemma 5.14. We have the following properties: 

(a) If be L^{W+\W), then 

b{xi,X2,...,Xk) = ^(7r/(i)(xi),...,7r/(fc)(xfc)), 

feT{lk],{E,F}) 

for every {xi, , Xk) E ^ ^ 

k—times 

The function (xi, X 2 , ..., Xk) -E 6(7r/(i)(xi), ..., 7if{k){xk)) will be denoted by bj. 

(b) If f ET{[k],{E,F}) andbE then 

b{xi,X2, ...,Xk) = &(7r/(i)(xi),7r/(2)(x2),... ,7r/(fc)(xfc)), 
for every {xi, ..., Xk) E R"''*~^ ^ ^ 

k—times 

(c) L^(R"'’''^, R”) can be decomposed into a direct sum of 2^ k-linear maps that is, 

L^(R"+\R")= 0 Lj(R"+\R^), 

f&T{[k],{E,F}) 

where Lj(R"+^,R"") as in Definition \5. liA 

Proof. The proof follows from Lemma 15.121 and Eq. fl5.13p . ■ 


5.2.2. Proof of Proposition \5.tA In order to prove Proposition 15.81 we state and prove the 
following proposition. 

Proposition 5.15. Under the notation of Definitions lPTl and 1531 Let 1 ^ i ^ k be a integer 
and fix a point (Vq, .. ., Pi_i) E Vq xVi x ... x Pi-i. Then, the space Di can be endowed with 
a norm eguivalent to the original norm ||.||d such that the function 

• ■ • ) *) ■ T>i ^ T)i 

is a contraction with constant of contraction independent of the point (yo,17i ,..., Pj-i). 


The proof of Proposition 15.151 will be given after some lemmas. We set, 
(73) mx,y)-.= 


A{x,y) B{x,y) 
C{x,y) 1 


J (n+l)x(n+l) 

where the functions A{x,y), B{x,y) and C{x,y) are as in Dehnition 12.11 


Lemma 5.16. Let M* : L*(R"'+^, R"') —)■ L*(R"'+^, R”) be a map defined by 

M\h){xi, ...,Xi) = h{DTxi,.. .^DTxf). 
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Then, the space M"') can be endowed with a norm |.|j equivalent to ||.|| such that 

max{(P||B+||B||or(||C||B + ir}. 

\0U m,n€N 

m-\-n=i 


Proof. Through of the proof, we deal with the case that H-BUd is nonzero, the other case is 
similar. We will endow M"-) with a new norm |.|j in the following way: letting 


(75) Cgj := ||7r3(i)DT7rj(i)|| .. .\\7ig^i)DT7if^i)\ 

where g and / G J^{\i], {E, F}) while 


(76) 




Next up, consider the matrix 
(77) 



if gU) = E and /(j) = F, 
if 9{j) = E and /(j) = F, 
if£/(j) = E dudfii) = F, 
if^(i) = 7^and/(j) = F 


^ •- [Cg,/]2*x2*- 


Notice that since, by assumption ||A||d, ||F||£) and IIFUd are nonzero, then, in view of fl75|l 
and fl76|) it follows that Cgj > 0, where g, f G E{[i], {F, F}). Thus, the matrix A is positive. 
Therefore, by Perron-Frobenius Theorem 15. 101 applied to matrix A, we get 


(a) The matrix A has a positive eigenvalue A. 

(b) The matrix A has an eigenvector V with entries kj such that 

kf = 1. 

f&T{[UE,F}) 

(c) An estimate of A is given by inequalities 

(78) min Cgj ^ A ^ max Cgj. 

f ^ / 

Let b G M"), 6 7 ^ 0. In view of Lemma lB.ldf a) we can write 

(79) 6 = 5 ; b,, 

f€Ti[i],{E,F}) 

where bj is as in as in Dehnition 15.131 Thus, we can dehne the norm |.|j on M”) by 

(80) | 6 |i:= 5 ^ k,\\b,\\. 

fGT{[i\,{E,F}) 

It is easily to seen that |.|j is a norm on R”) equivalent to the norm ||.||. 

We now will prove that 

max{(PJ+||B||o)’"(||CJ + l)"}. 

OL m,n€N 

m-\-n=i 
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Indeed, by definition one has M^{h) is i-linear map, then on account of Lemma fS.ldf ci and 
flsni) we have 

(82) |M‘(t)|i:= 5^ k,\\MHh),\\, 

where M''{b)f as in Definition 15.131 But, by using Lemma [5.14lf bi we have 

(83) M\b)f{xu ...,Xi) = M*(6)(7r/(i)(a;i),. .. , 7r/(i)(a:i)) 
and by assumption 05.161) we have 

(84) M"{b){xi, ...,Xi) = b{DTxi,.. .,DTxi). 

Thus, combining fIMD and fl83|) we get 

(85) M\b)f{xi, ...,Xi) = b{DT7rfi^i)Xi,..., DT7rf(^i)Xi). 

Furthermore, by using Lemma [5.14lf a) we can write 

(86) 6(DT7r/(i),...,DT7r/p)) = ^ 6g(7r3(i)DT7rj(i),..., 7rg(i)DT7r/(i)). 

gGT{[i\,{E,F}) 

Therefore, it follows from fl86D and fl85D . that 

(87) M\b)f{xi,...,Xi) = bg{7rg(^i)DT7rf^i){xi),...,7rg(^i)DT7if(^i){xi)). 

gGH[i\,{E,F}) 

Hence, on account of fl8^ we get 

(88) |M*(6)|, ^ E E \\^gi.Fg(i'jDT7rj^(^i'^, ■ ■ ■, TTg(^i'jDT71 j II. 

fGT{[i\,{E,F}) genii],{F,F}) 

Since bg is i-linear map, we have 

\\bg{Fg(i)DT7if(^i), .. .,7ig{i)DT7if(^i))\\ ^ ||7rg(i)DT7r/(i)||... ||7rgp)DT7r/(i)|| .HfeJI. 

'-V-' 

Consequently, Eq. fl88|) becomes 

(89) |M'(6)|. < ||6,|| 5^ c,jkj. 

genii],{F,F}) fenii],{F,F}) 

Notice that, since V = is an eigenvector of matrix A, we have 

( 90 ) ^[^f]feT(li],{E,F}) ~ ^[^f]feT(li],{E,F})y 

where A = [cgj] while g and / G -F([f], {E, F}). 

Hence, if we fix G F([i], {E, F}) it is easily seen that 

( 91 ) ~ ^kg. 

feT[[{\,{F,F}) 

Thus, by replacing fl^ into fl8^ we get 

(92) |M‘(6)|. 

genii],{F,F}) 
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Moreover, by definition we can write 

(93) \b\i= 

Therefore, from fl93|) and fl92l) one obtains 

(94) |M*(&)|, <A|6|,. 

Through of the remainder of the proof, we denote by #(«S') the cardinality of the set S. 

Claim 5.17. Let f and g G T{[i], {E, F}) such that ^{g~^{E)) = m and jj^{g~^{F)) = n. 
Then the following equality holds: 

(96) c,j = (||31||d + ||B||d)’"(||C||d+1)’>, 

where Cgj as in Eq. fl75D . 

Proof of the Claim. Since ff{g~^{E)) = m and ff{g~^{F)) = n, then one can consider 


g '(£) := {oi.oj.-- 

.,am} and g ^{F) := { 61 , 62 , • 

.. ,bn}. Thus, by definition we have 

(96) 

Fg{ai)DT7rf(^ai) ^ ^ 

if /(oi) = F, 
if f {ai) = F, 

and 



(97) 

Fg{bi)DT7lf[bi) ;= 1 ^ 

if fih) = E, 
if fih) = F. 


Now, consider integers s, t with O^s^m, O^t^n and take / G .T([i], {E, F}) such that 
ih{g-{E)nf-\E)) = s and #{g-(F) n f-\E)) = t. 

Then, since Cgj := || 77 ^( 1 )ZlT 7 rj(i)|| ... || 7 rg(j)ZlT 7 r/(j)||, it follows from fl77)) and fl96|) that 

(98) %; = iiki|iLiii?iirii^^iiDi”"*- 

In addition, since ffg~^{E) = m and ffg~^{F) = n, it is not difficult to see that the cardinality 
of the sets 

(99) Eg,MAE,F}) := {/ G F([z],{F,F}) : card{g-{E) n f-\E)) = s} 
and 

(100) Eg,mAE, E}) ;= {/ G F([z], {E, F}) : cardig-{E) H f-\E)) = t} 

are (”) and (™), respectively. Thus, from fllOOp and fl99|l . on account of Rule of Prod¬ 
uct |Coh781 p. 13] we deduce that the cardinality of 

(101) Eg,st{[l], {E, F}) := EgMAE, E}) n EgM, {E, F}) 
is (™)-(")- Finally, notice that 

.r(|!],{J5,F})= 1+1 F,,.,(li],{F,F}). 

O^s^m 
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Whence, on account of 0981) and Binomial Theorem we get the following chain of equalities 


feT{[{],{E,F}) 


m n i \ 

EE E -.A 

s =0 t=o \feEg,st{mE,F}) j 



S I I 

d\\ 


II— 


= (PiiD + iii?iiDr(iicib + ir. 

Thus Claim 15.171 is proved. 

Finally, from fl78|) and Claim I5T7I we conclude that 

(102) max{(P||B+||il||c)’”(||C||B + l)”}, 

OU m,neN 

m+n=i 

for all b G M"'), which concludes the proof of the lemma. ■ 


Now, we are going to prove Proposition 15.151 mentioned in the beginning of the sub-section, 
which we recall here. Before that is important recall that 

Vi := {vi ■. D M") : z/i(x, 0) = 0;fi is continuous}. 

Proposition 5.18. Under the notation of Definitions \571\ and W^ Let 1 he a integer 

and fix a point (Vq, ..., Fi_i) eVqxViX...x Pj_i. Then, the space Di can be endowed with 
a norm \.\i^D equivalent to the original norm ||.||d so that the function 

• ■ •) *) ■ T>i Vi 

it is a contraction with constant of contraction independent of the point {Vq,Vi, ... ,7'j_i). 


Proof of Proposition 15. Let Ui ^ Vi. We define its norm to be 

(103) \ri\i^D ■= sup{|z/i(a;,i/)|i : {x,y) e D}, 

where |.|j is the norm |.|j on R”) as in Lemma [5.161 It is easy to check that \.\i^D is 

a norm on Vi equivalent to ||.||_d- 

Let r} = T*(z7o,Fi, • • .,Vi_i,pA and rf = T*(z7o,Fi, • • • ,Fi-i,/i^), where G Vi. 

From Dehnition 15.51 one can deduce that 

zyi-i/2 = {VooTA-C)%\{l-VooTB)-fiVC^^’^’^{{p^ - p^),T)B 

(104) + (1-Vqo - p'^),T)A. 

Recall that, by Eq. (HU we have 

(105) y) := i\dyG{x, y){p^ - p^) o T(x, y) m{x,y). ..m{x,y\ 

k—times 
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where DT{x,y) is as in Eq. ([73j). Hence, in view of fll04p . fll03p and Lemma 15.161 we get 

(d)^A(^) 




{L\\A\\n + \\C\\n)\\B\\n 


D 


\\dyG{x,y)\\-^{l-L\\B\\D) 


I|71||d(1-A| 

\B\ 

\d) 

\\dyG{x,y)\\-fil - 

-L\ 

\B\ 

|d)2 


(106) 

where 


= (*!)^ |(h^ - 


l|7l||zi + ||C'||z)| 

\B\ 

\d 

\\dyG{x,y)\\-fil -. 

L\l 

B\ 

Id)^ 


A{i), 


A{{} := max {(||A||z, + \\B\\Dr{\\C\\n + !)"}• 

m,nGN 

m-\-n=i 


But, from Eq. ([Sj) we have 2||i?||£)L := 1 — ||A||b — ^(1 — ||A||£))^ — 4||i?|I/ jI|C||_d. Hence, 
Eq. fll06p becomes 


(107) 

where 


- V. 


^ I i,D 


^ |(/- 


0(z) := 


{\\A\\n + \\C\\d\\B\\d) max,{(||A||^ + ||i?||^)-(||C||z) + l)"} 

m-\-n=i 


(2V)-^\\dyG\\- (l + ||A||o+v/(1-||-4||d)=-4||B||c||C||d^ 
Moreover, by using Assumption l 2 . 2 f L-ii one can see that 
(108) Q{i) < 1 , 

Therefore, on account of Eq. (11071) one obtains that the function 

'^'*(^ 0 ) ^ 1 , • • • ; *) ■ B>i Vi 

is a contraction independent of the point ... ,7'i_i), which hnishes the proof. 


Before proceeding to state and prove the following lemma, it is convenient to introduce 
some useful notation. Consider the following norm-spaces Xi,..., Xn with norm ||.||i, for 
0 ^ i ^ k respectively and let X := Xi x ... x Xn- Then the norm of the space X will be 
denoted by ||.||^ and dehned by ||.||_,j- ;= max{||.||j : 1 ^ i ^ n}. 

Lemma 5.19. Under Definition 15.51 Let 0 ^ i ^ k be a integer. Suppose that the sets 
Vj, for 1 ^ j ^ i are endowed with the norm |.|yD from Proposition \5.15\ and the set X^ : = 
VqxViX .. - xVi is endowed with the norm |.|j\:r Then, the family of maps d/hTd ; Xj_i — V^ 
given by ... ,i/i_i) = ... ,i'i_i,Ui) depends on Vi continuously in the 

following sense: if (z/q , z/”,..., {vq, z/i,..., z^i_i) as n ^ oo in the space Xj_i, then 

^/‘(z/q , z/”,..., h'^_i,Vi) 4^*(z/o, ^ 1 , ■ ■ ■, in the space Vi for any fixed Vi G Vi- 


Proof. The proof follows from Dehnitions 15.5115.4115.31 and 15.21 
We are going to prove Proposition 15.151 which we recall here. 
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Proposition 5.20. Assume the notation of Lemma \5.19[ Then, the function 

Xi 


defined by 

Ni{Vo,Vi, ...,Vi) = (r(l7o),^^(l7o,z7i),... 
has a global attracting fixed point (Aq, Ai,..., Ai). 


Proof. We proceed by induction on i. Suppose that the statement holds for j with 0 ^ j < i 
We wish to show the statement holds for i. To do this; will be proved that the map W = 
(W-i, : Xi-i xY X xY, where Xj_i = Vq x Vi x ... x Vi-i and Y = Vi, satisfies the 

three conditions conditions of Fiber Contraction Theorem 15.91 Indeed, 

(a) By inductive hypothesis the function W-i : ^ has a global attracting fixed 

point (Ao,..., Ai_i) e Xi_i. 

(b) By using Theorem 15.151 applied to (Aq, ..., A-i), we have that 

T*(y4o,..., Ai_i, •) : Vi ^ Vi 

is a contraction. Then by the Banach hxed-point theorem \l/*(y4o,..., •) has an 

attracting fixed point Ai. 

(c) It follows from Lemma [5.191 that T*(., Aj) : X —)■ P is continuous. 

Therefore, from (a), (6), and (c), we deduce that Ni : Xi x Xi satisfies the three condi¬ 
tions of Theorem 15.91 Thus, we conclude that there exists a global attracting fixed point 
(Aq, Ai, ..., Ai) to the function Ni, which completes the proof. ■ 

Now we are ready to prove the Proposition 13.81 which we recall here. 

Proposition 5.21. Ifu G Al is a function and ZlV(x, 0) = 0, 0 ^ i ^ A; and {x, 0) G Dq. 
Then the following limit exists 

hm (r"(l7), DiT^iV)),..., D\r^{V))) = {A, A,, A,,..., Al,), 

n—^oo 

where Ai, A 2 ,..., A^ are continuous functions. 

Proof of Theorem \8.8\. Let V G Al be a function such that Zl*z7(a:, 0) = 0, for all 
0 ^ i ^ /c and (x, 0) G Dq. By induction, it follows that 

Nf{V, DV,..., D^V) = (r’^(l7), D{V-{V)),..., Dfiv-iv))). 

Hence, on account of Proposition 15.151 one obtains 

hm (P"(I7), D{T^{V)),..., D\T^{V))) = {A, Hi, ..., H,), 

n—>-cx) 

where Aj G Vj, for all 1 ^ j ^ k, which concludes the proof. ■ 
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